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We present a model calculation of transverse-momentum-dependent distributions (TMDs) of glu-
ons in the nucleon. The model is based on the assumption that a nucleon can emit a gluon, and
what remains after the emission is treated as a single spectator particle. This spectator particle is
considered to be on-shell, but its mass is allowed to take a continuous range of values, described by
a spectral function. The nucleon-gluon-spectator coupling is described by an effective vertex con-
taining two form factors. We fix the model parameters to obtain the best agreement with collinear
gluon distributions extracted from global fits. We study the tomography in momentum space of
gluons inside nucleons for various combinations of their polarizations. These can be used to make
predictions of observables relevant for gluon TMD studies at current and future collider facilities.
PACS numbers: 12.38.-t, 12.40.-y, 14.70.Dj
I. INTRODUCTION
Transverse-Momentum-dependent parton Distributions (TMDs) have been a subject of intense study in the last
years (see Ref. [1] for a recent review). Whereas several results have been obtained concerning quark TMDs, much
less is known about gluons.
Gluon TMDs have been classified for the first time in Ref. [2] and later also in Refs. [3–5]. Their factorization,
evolution and universality properties have been investigated in Refs. [6–10]. Possible ways to access gluon TMDs in
experiments have been proposed in the literature [11–25]. Recent discussions on TMD factorization in quarkonium
production have been presented in Refs. [26–28].
At low x, the so-called unintegrated gluon distribution (UGD) has been the subject of intense investigations since
the early days. A first definition for the UGD was given in the Balitsky–Fadin–Kuraev–Lipatov (BFKL) approach [29–
32]. Its precise relation to the small-x limit of the unpolarized gluon TMD was established only recently [33, 34]. An
overview of the available literature on unpolarized and helicity gluon TMDs at low x can be found in Ref. [35] (and
references therein). Some very recent theoretical and phenomenological studies are discussed in Refs. [36–40].
Accessing gluon TMDs is one of the primary goals of new experimental facilities [41–44]. In this exploratory
context, it is particularly useful to develop models for gluon TMDs. Models can be employed, for example, to expose
qualitative features of gluon TMDs, confirm or falsify generally accepted assumptions, make reasonable predictions
for experimental observables, or guide the choice of functional forms to be used in gluon TMD fits.
Quark TMD models have been widely used for these purposes in the past (see, e.g., Refs. [3, 45–55]). Effective
models of the UGD can be found in Refs. [56–61]. Predictions based on some of these models have been compared
to experimental data for the exclusive diffractive vector-meson leptoproduction at HERA [62–66] and for the inclusive
forward Drell–Yan dilepton production at LHCb [67–69]. Conversely, very little has been done for gluon TMDs at
intermediate x. Model calculations of these functions have been discussed only in Refs. [3, 70, 71].
In this work, we present an extension of our spectator-model calculation of quark TMDs [48] to unpolarized and
polarized (T -even) gluon TMDs, effectively incorporating also small-x effects. The model is based on the assumption
that a nucleon can emit a gluon, after which the remainders are treated as a single spectator particle. The nucleon-
gluon-spectator coupling is described by an effective vertex containing two form factors. At variance with our previous
work, the spectator mass can take a continuous range of values described by a spectral function. We determine the
parameters of the model by reproducing the gluon unpolarized and helicity collinear parton distribution functions
(PDFs) obtained in global fits.
The paper is structured as follows. In Sec. II, we highlight the main features of our spectator model. In Sec. III, we
describe how we fix the model parameters by getting the best possible agreement with collinear gluon PDFs obtained
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2in global fits. In Sec. IV, we show our model results for all the T -even gluon TMDs. Finally, in Sec. V we draw our
conclusions and discuss some outlooks.
II. FORMALISM
Following Ref. [48], we work in the frame where the nucleon momentum P has no transverse component:
P =
[
M2
2P+
, P+, 0
]
, (1)
where M is the nucleon mass. The parton momentum is parametrized as
p =
[
p2 + p2T
2xP+
, xP+, pT
]
, (2)
where evidently x = p+/P+ is the light-cone (longitudinal) momentum fraction carried by the parton. For the nucleon
state |P, S〉 with momentum P and spin S, the gauge-invariant gluon-gluon correlator reads [2]
Φµν,ρσ(x,pT ;S) =
1
xP+
∫
dξ−dξT
(2pi)3
eip·ξ 〈P, S|F ρσa (0)Uab(0, ξ)Fµνb (ξ)|P, S〉|ξ+=0 , (3)
where (here, and in the following) a summation upon repeated (color) indices is understood. The field tensor Fµνa is
related to the gluon field Aµa by F
µν
a = ∂
µAνa − ∂νAµa + g fabcAµb Aνc , with fabc the structure constants of the color
SU(3) group and g the strong coupling. The symbol Uab(0, ξ) denotes the gauge-link operator
Uab(0, ξ) = P exp
[
−g fabc
∫ ξ
0
dw ·Ac(w)
]
, (4)
which connects the two different space-time points 0 and ξ along a path that is determined by the process. In this work,
we consider only leading-order contributions and we neglect the effect of the gauge link and its process dependence 1.
FIG. 1. Tree-level cut diagram for the calculation of T -even leading-twist gluon densities. The double dashed line represents
the spin- 1
2
spectator. The red blob represents the nucleon-gluon-spectator vertex.
In the following, we consider the leading-twist component of the gluon-gluon correlator Φ+i,+j ≡ Φij with i, j
transverse spatial indices [2]. We evaluate it in the spectator approximation, namely we assume that the nucleon in
the state |P, S〉 can split into a gluon with momentum p and other remainders, effectively treated as a single spin- 12
spectator particle with momentum P − p and mass MX . Similarly to Ref. [48], we define a “tree-level” scattering
amplitude Mia(S) given by (see Fig. 1)
Mia(S) = 〈P − p|F+ia |P, S〉
= u¯c(P − p)Giµab(p)Yµ,bc U(P, S) , (5)
1 We recall that in the Weizsa¨cker–Williams representation it is always possible to choose a gauge where the gauge-link operator reduces
to unity [33, 34]
3where U is the nucleon spinor and u¯c is the spinor of the spectator with color c, and G
µν
ab (p) = −iδabgµν/p2 is the
gluon propagator in Feynman gauge. We model the nucleon-gluon-spectator vertex as
Yµbc = δbc
[
g1(p
2) γµ + g2(p
2)
i
2M
σµν γν
]
, (6)
where as usual σµν = i[γµ, γν ]/2, and g1,2(p
2) are model-dependent form factors. In principle, the expression of
Yµ could contain more Dirac structures. However, with our assumptions the spectator is identified with an on-shell
spin- 12 particle, much like the nucleon. Hence, we model the structure of Yµ similarly to the conserved electromagnetic
current of a free nucleon obtained from the Gordon decomposition. The form factors g1,2(p
2) are formally similar to
the Dirac and Pauli form factors, but obviously must not be identified with them. Consistently with our previous
model description of quark TMDs [48], we use the dipolar expression
g1,2(p
2) = κ1,2
p2
|p2 − Λ2X |2
= κ1,2
p2 (1− x)2
(p2T + L
2
X(Λ
2
X))
2
, (7)
where κ1,2 and ΛX are normalization and cut-off parameters, respectively, and
L2X(Λ
2
X) = xM
2
X + (1− x) Λ2X − x (1− x)M2 . (8)
The dipolar expression of Eq. (7) has several advantages: it cancels the singularity of the gluon propagator, it smoothly
suppresses the effect of high p2T where the TMD formalism cannot be applied, and it compensates also the logarithmic
divergences arising after integration upon pT .
Using Eq. (5), we can write our spectator model approximation to the gluon-gluon correlator at tree level as
Φij(x,pT , S) ∼ 1
(2pi)3
1
2 (1− x)P+ Tr
[M¯ja(S)Mia(S)] |p2=τ(x,p2T )
=
1
(2pi)3
1
2 (1− x)P+ Tr
[
(/P +M)
1 + γ5/S
2
Gjν∗ab′ (p)Y∗ν,b′c′ Giµab(p)Yµ,bc (/P − /p+MX)cc′
]
, (9)
where a trace upon color and spinorial indices is understood. The assumed on-shell condition (P − p)2 = M2X for the
spectator implies that the gluon is off-shell by
p2 ≡ τ(x,p2T ) = −
p2T + L
2
X(0)
1− x . (10)
The leading-twist T -even gluon TMDs can be obtained by suitably projecting Φij [2, 3]:
fˆg1 (x,p
2
T ;MX) = −
1
2
gij
[
Φij(x,pT , S) + Φ
ij(x,pT ,−S)
]
=
[(
2Mxg1 − x(M +MX)g2
)2 [
(MX −M(1− x))2 + p2T
]
+ 2p2T (p
2
T + xM
2
X) g
2
2
+2p2TM
2 (1− x) (4g21 − xg22)
]
×
[
(2pi)3 4xM2 (L2X(0) + p
2
T )
2
]−1
, (11)
gˆg1L(x,p
2
T ;MX) =
1
SL
iεijT Φ
ij(x,pT , SL)
=
[
p2T (2− x)
(
2M g1 − (MX −M) g2
)
+ 2Mx (MX −M (1− x))2 g1
−[(MX +M)x (L2X(0) + (1− x) (MX −M)2)+ 2Mxp2T ] g2] (2M g1 − (MX +M) g2)
×
[
(2pi)3 4M2 (L2X(0) + p
2
T )
2
]−1
, (12)
gˆg1T (x,p
2
T ;MX) =
−M
pT · ST iε
ij
T Φ
ij(x,pT , ST )
= −
(
2M g1 − (MX +M) g2
) [
(MX −M (1− x))
(
2M (1− x) g1 + xMX g2
)
+ p2T g2
]
×
[
(2pi)3 2M (L2X(0) + p
2
T )
2
]−1
, (13)
4hˆ⊥g1 (x,p
2
T ;MX) =
M2
εijT δ
jm(pjT p
m
T + g
jmp2T )
εlnT δ
nr [Φnr(x,pT , S) + Φ
nr(x,pT ,−S)]
=
[
4M2 (1− x) g21 + (L2X(0) + p2T ) g22
]
×
[
(2pi)3 x (L2X(0) + p
2
T )
2
]−1
, (14)
where εijT = ε
−+ij and SL(T ) is the longitudinal (transverse) polarization of the nucleon.
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FIG. 2. The spectral function ρX of Eq. (15) as a function of the spectator mass MX .
The gluon TMDs of Eqs. (11)-(14) explicitly depend on the spectator mass MX , which therefore must not be
considered as a free parameter. In fact, in our model MX can take real values in a continuous range according to the
spectral function
ρX(MX) = µ
2a
[
A
B + µ2b
+
C
piσ
e−
(MX−D)2
σ2
]
, (15)
where µ2 = M2X −M2 and {X} ≡ {A,B, a, b, C,D, σ} are free parameters. Indeed, each gluon TMD in Eqs. (11)-(14)
is weighed on the spectral function ρX such that the actual model expression of a generic gluon TMD F
g(x,p2T ) reads
F g(x,p2T ) =
∫ ∞
M
dMX ρX(MX) Fˆ
g(x,p2T ;MX) . (16)
As shown in Fig. 2, the spectral function is particularly sensitive to the parameters a, b: its asymptotic trend at large
MX depends on the sign of the difference a − b. As pointed out in Ref. [72], it is easy to show that the trend at
large MX affects the small-x tail of TMDs, which is the effective way in our model to account for qq¯ contributions to
spectator configurations that become energetically available at large MX . Similarly, the behavior of ρX at low MX
influences the tail of TMDs at intermediate x.
III. MODEL PARAMETERS
According to Eq. (16), our model results for the T -even gluon TMDs are obtained by weighing the analytic expres-
sions of Eqs. (11)-(14) with the spectral function in Eq. (15). In total, we have 10 free parameters: seven characterizing
the spectral function (A, B, a, b, C, D, σ) and three for the dipolar form factor (the κ1,2 normalizations and the ΛX
cut-off). To fix these parameters, we follow the procedure described below.
We perform the integration over pT in the TMDs of Eqs. (11)-(14) weighed with the spectral function as in Eq. (16).
As is well known, only the first two densities give non-vanishing results. Then, we assume that these pT -integrated
TMDs reproduce the collinear PDFs fg1 (x) and g
g
1(x) at some low scale Q0. Finally, we fix our model parameters by
5parameter mean replica 11
A 6.1 ± 2.3 6.0
a 0.82 ± 0.21 0.78
b 1.43 ± 0.23 1.38
C 371 ± 58 346
D (GeV) 0.548 ± 0.081 0.548
σ (GeV) 0.52 ± 0.14 0.50
ΛX (GeV) 0.472 ± 0.058 0.448
κ1 (GeV
2) 1.51 ± 0.16 1.46
κ2 (GeV
2) 0.414 ± 0.036 0.414
TABLE I. Central column: mean values and uncertainties of the fitted model parameters. Rightmost column: corresponding
values for replica 11.
simultaneously fitting the NNPDF3.1sx parametrization for fg1 [73] and the NNPDFpol1.1 parametrization for g
g
1 [74]
at Q0 = 1.64 GeV. We consider the parametrizations only in the range 0.001 < x < 0.7 to avoid regions with
large uncertainties and where effects not included in our model can be relevant [75]. We choose a grid of 70 points
distributed logarithmically below x = 0.1 and 30 points distributed linearly above x = 0.1. We perform the fit using
the bootstrap method. Namely, we create N replicas of the central value of the NNPDF parametrization by randomly
altering it with a Gaussian noise with the same variance as the original parametrization uncertainty. We then fit each
replica separately and we obtain a vector of N results for each model parameter. We build the 68% uncertainty band
of our fit by rejecting the largest and smallest 16% of the N values of any prediction. This 68% band corresponds
to the 1σ confidence level only if the predictions follow a Gaussian distribution, which is not true in general. We
choose to work with N = 100 replicas because this number is sufficient to reproduce the uncertainty of the original
NNPDF parametrization. In the following, we will show also the result from the replica number 11, which we consider
a particularly representative replica because its parameter values are the closest to the mean parameters. However,
we stress that only the full set of 100 replicas contain the full information about our fit results. 2
In Tab. I, we show the values of our model parameters. For each one, we quote the central 68% of the N = 100
values by indicating the average and the uncertainty given by the semi-difference of the upper and lower limits. In
the right column, we show the corresponding values for replica 11. Parameter B in Eq. (15) is fixed to B = 2.1 since
exploratory tests have shown that the fit is rather insensitive to it. We get a total χ2/d.o.f. = 0.54 ± 0.38. This small
value originates from the large uncertainty in the gg1 parametrization, particularly at small x.
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FIG. 3. The xfg1 (left panel) and xg
g
1 (right panel) as functions of x at Q0 = 1.64 GeV. Lighter band with red dashed borders
for the NNPDF3.1sx parametrization of xfg1 [73] and the NNPDFpol1.1 parametrization of xg
g
1 [74]. Green band for the 68%
uncertainty band of the spectator model fit. Solid black line for the result of the replica 11.
In Fig. 3, we show the results of our simultaneous fit of xfg1 (x) (left panel) and xg
g
1(x) (right panel) atQ0 = 1.64 GeV.
The lighter band with red dashed borders identifies the NNPDF3.1sx parametrization of xfg1 [73] and the NNPDFpol1.1
parametrization of xgg1 [74]. The green band is the 68% uncertainty band of our fit. The solid black line represents
the result of replica 11. The right panel shows that our gluon helicity at most diverges more slowly than 1/x. On
2 The full set of results can be obtained from the authors upon request.
6the one side, this feature can ben considered as a rigidity of the model. On the other side, it can be considered as
a prediction. In any case, we verified that it is important to perform a simultaneous fit of both the unpolarized and
helicity gluon PDFs. Bounding the model parameters only to fg1 (x) is not enough to get a reliable x-behavior of the
model.
IV. RESULTS
With the parameters in Tab. I, the second Mellin moment of our model PDF fg1 (x,Q0), i.e., the nucleon momentum
fraction carried by the gluons at the model scale Q0 = 1.64 GeV, turns out to be
〈x〉g =
∫ 1
0
dxx fg1 (x,Q0) = 0.424± 0.009 . (17)
This result is in excellent agreement with the latest lattice calculation 〈x〉g = 0.427(92) obtained at the scale 2
GeV [76]. The first Mellin moment of the model PDF gg1(x) gives the contribution of the gluon helicity to the nucleon
spin. In our model, it turns out to be Sg =
1
2 〈1〉∆g = 0.159± 0.011 at Q0 = 1.64 GeV, to be compared with the latest
lattice estimate of the gluon total angular momentum 〈J〉g = 0.187(46) at the scale 2 GeV [76].
In Fig. 4, we show our model results for T -even gluon TMDs as functions of p2T for x = 0.1 (left panels) and x = 0.001
(right panels) at the same scale Q0 = 1.64 GeV as in Fig. 3, i.e., without evolution effects. Again, the green band
refers to the 68% statistical uncertainty, and the solid black line indicates the result of the best replica 11. From top
to bottom, the panels refer to the unpolarized xfg1 (x,p
2
T ), the helicity xg
g
1L(x,p
2
T ), the worm-gear xg
g
1T (x,p
2
T ), and
the Boer–Mulders xh⊥g1 (x,p
2
T ). Each TMD shows a distinct pattern both in x and p
2
T . In particular, the unpolarized
xfg1 (x,p
2
T ) clearly shows a non-Gaussian shape in p
2
T with a large flattening tail for p
2
T → 1 GeV. Moreover, for
p2T → 0 it reaches a very small but non-vanishing value. The information underlying these plots largely expands the
one contained in Fig. 3 and can be a useful guidance in explorations of the full 3D dynamics of gluons.
To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at different x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density
xρ(x, px, py) = xf
g
1 (x,p
2
T ) (18)
as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density
xρ↔(x, px, py) =
1
2
[
xfg1 (x,p
2
T ) +
p2x − p2y
2M2
xh⊥g1 (x,p
2
T )
]
(19)
represents the probability density of finding gluons linearly polarized in the transverse plane at x and pT . The
“helicity density”
xρ	/+(x, px, py) = xf
g
1 (x,p
2
T ) + xg
g
1L(x,p
2
T ) (20)
contains the probability density of finding circularly polarized gluons at x and pT in longitudinally polarized nucleons.
Finally, the “worm-gear density”
xρ	/→(x, px, py) = xf
g
1 (x,p
2
T )−
px
M
xgg1T (x,p
2
T ) (21)
is similar to the previous one but for transversely polarized nucleons. The first and third densities describe a situation
where the pT -distribution is cylindrically symmetric around the longitudinal direction identified by P
+, because the
nucleon (gluon) is unpolarized or polarized longitudinally (circularly) along P+. The density in Eq. (19) is symmetric
about the px and py axes because it describes unpolarized nucleons and gluons that are linearly polarized along the
px direction. The density in Eq. (21) involves a transverse polarization of the nucleon along the +px axis. Hence, we
expect it to display an asymmetric distribution in the same direction.
In Fig. 5, from top to bottom the contour plots show the pT -distribution of the densities in Eqs. (18) and (19),
respectively, obtained at Q0 = 1.64 GeV from replica 11 at x = 0.1 (left panels) and x = 0.001 (right panels) for an
unpolarized nucleon virtually moving towards the reader. The color code identifies the size of the oscillation of each
density along the px and py directions. In order to better visualize these oscillations, ancillary 1D plots are shown
below each contour plot, which represent the corresponding density at py = 0. As expected, the density of Eq. (18)
(top panels) has a cylindrical symmetry around the direction of motion of the nucleon pointing towards the reader.
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FIG. 4. The T -even gluon TMDs as functions of p2T for x = 0.1 (left panels) and x = 0.001 (right panels) at Q0 = 1.64 GeV.
Green band indicates the 68% statistical uncertainty, solid black line for the replica 11. From top to bottom, panels show
xfg1 (x,p
2
T ), xg
g
1L(x,p
2
T ), xg
g
1T (x,p
2
T ), and xh
⊥g
1 (x,p
2
T ).
Since the nucleon is unpolarized but the gluons are linearly polarized along the px direction, the density of Eq. (19)
(bottom-row panels) shows a quadrupole structure. This departure from the cylindrical symmetry is emphasized at
small x, because the Boer–Mulders function is particularly large.
In Fig. 6, from top to bottom the plots show the pT -distribution of the densities in Eqs. (20) and (21), respectively,
obtained at Q0 = 1.64 GeV from replica 11 at x = 0.1 (left panels) and x = 0.001 (right panels) for a polarized
nucleon virtually moving towards the reader. Color code and notations are the same as in the previous figure. The
xρ	/+ density of Eq. (20) (top panels) is perfectly symmetric in the displayed transverse plane because it refers to a
nucleon (gluon) longitudinally (circularly) polarized along the direction of motion pointing towards the reader. The
size of the density is emphasized at smaller x. The xρ	/→ density of Eq. (21) is slightly asymmetric in px at x = 0.1
(left bottom panel) because the nucleon is transversely polarized along the px direction. This asymmetry is small and
8FIG. 5. From top to bottom, the gluon densities of Eqs. (18) and (19) as functions of pT at Q0 = 1.64 GeV and at x = 0.1
(left panels) and x = 0.001 (right panels) for an unpolarized nucleon virtually moving towards the reader. For each contour
plot, 1D ancillary plots show the density at py = 0. Results from the best replica 11 (see text).
vanishes at x = 0.001 (right bottom panel) because of the behavior of the worm-gear function g1T .
V. CONCLUSIONS AND OUTLOOK
We presented a systematic calculation of leading-twist T -even gluon TMDs under the assumption that what remains
of a nucleon after emitting a gluon can be effectively treated as a single spin- 12 spectator particle. The latter is
considered on-shell but its mass is allowed to take a continuous range of values described by a spectral function. The
model parameters are fixed by reproducing the x-profile of collinear unpolarized and helicity gluon PDFs extracted
from global fits. Nevertheless, the spectral function grants the model a sufficient degree of flexibility and gives the
opportunity of actually incorporating the effect of qq¯ contributions, which are normally absent in spectator models.
9FIG. 6. From top to bottom, the gluon densities of Eqs. (20) and (21) as functions of pT at Q0 = 1.64 GeV and at x = 0.1
(left panels) and x = 0.001 (right panels) for a polarized nucleon virtually moving towards the reader. For each contour plot,
1D ancillary plots show the density at py = 0. Results from the best replica 11 (see text).
We discussed our model results for the tomography in momentum space of gluons inside nucleons for various
combinations of their polarizations. These results can be a useful guidance to the investigation of observables sensitive
to gluon TMD dynamics, with applications ranging from heavy-flavor-meson/open-charm/quarkonia/Higgs production
(see, e.g., Refs. [13, 16, 18–20, 22, 77–80]) to almost back-to-back di-hadron and di-jet production (see, e.g., Refs. [13,
14]), and almost back-to-back J/ψ-jet production [21]. All these channels can be studied at current and future collider
facilities. In order to facilitate the computation of observables based on our model, we will make our results available
through the TMDlib library [81].
We plan to extend our model to include leading-twist T -odd gluon TMDs along lines similar to our previous work
on quark TMDs [48]. It would be interesting also to improve the description of the unpolarized gluon TMD at small
x such that it simultaneously satisfies evolution equations in both the Collins–Soper–Sterman (CSS) [82, 83] and
BFKL [29–32] kinematical regimes. All these prospective developments are relevant to the exploration of the gluon
10
dynamics inside nucleons and nuclei, which constitutes one of the major goals of the Electron-Ion Collider (EIC)
project [41, 42].
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